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~~ nonlinear six—degree—of—freedom model of a rotat ionally sym —
metric rigid body, and it incorporates a stochastic measure—
meri t model that approximates the conditions which exist in a
ballistic test range .

In add ition to estimates of the projectile aero—I 

dynamic coefficients , the EKF algor ithm provides an estimat e
of the rms error associated with each parameter estimate.
Al gor ithm performance is evalua ted by estimat ing the aero-

• dynamic coefficients from synthetic , computer—generated tra-
.jectory data . This report presents evaluation results
including assessments of the accuracy of the estimates ; the
consistency between the estimation errors and their standard

I deviations computed by the filter ; and the sensitivity to
projectile trajectory, measurement no ise level , in it ial con-
dit ions , and dynamic modeling errors.
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SECTI ON I

• INTRODUCTION

1.1 OVERVIEW AND TECHNI CAL APPR OACH

The extended Kalman filter (EKF ) is a general non-
linear estimation technique which can be applied to the prob-
lem of estimating the aerodynamic coefficients of a body from
free-flight measurements of its motion. The basic technique

• can handle a wide range of nonlinear aerodynamic models and
~~~ trajectory measurement systems , and it accounts for random

errors in the trajectory measurements , stochastic disturbances
to the body ’s motion , and a priori information about the aero-
dynamic coefficients to be estimated . This report c~~scribesan application of the EKF to the estimation of the aer d namic
coefficients of a six—degree—of-freedom rotationally symmetric
rigid body, based on discrete free-flight trajectory measure-
ments , such as those made at the Air Force Armament Laboratory
(AFATL) Aerobal listic Research Facility test range . These
measurements consist of three spatial positions and three
angular orientations , relative to a fixed inertial coordinate
system , and time—of-flig ht at 50 downrange positions along
the trajectory. The algorithm incorporates a stochastic mea-
surement model that approximates the conditions which exist
at the test range.

In addition to estimates of the projectile aero-
dynamic coefficients , the EKF algorithm provides an estimate

4’ of the rms error associated with each parameter estimate.
Algorithm performance is evaluated by estimating the aero-
dynamic coefficients from synthetic , computer-generated tra-
jectory data. These data are derived from the same projectile
dynamic model tha t is used to design the filter al gorithm .
This report presents evaluaticn results including assessments
of the accuracy of the estimat€s; the consistency between the
estimation errors and their standard deviations computed by

• the filter ; and the sensitivity to projectile trajectory,
measurement noise level , and initial conditions.

1 .2 ORGANIZATI ON OF THE REPORT

Section II of this report summariz* s and discusses
the equations of the extended Kalma n filter and provides the
ma thematical basis for its appl ication to the estimation of
aerodynamic coefficients. Section III describes the details
of the projectile dynamic model and illustrates the applica—

fr~ tion of the EKE technique . Performance and sensitivity study
results are given in Section IV , and Section V summarizes the

1 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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conclusions of the study and provides suggestions for future
related investigations and applications of the EKE parameterI . estimation technique. Section VI presents the recommendations

- resulting from this effort . Finally, Appendix A gives some
- •  

of the detailed equations required to implement the algorithm .

S
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SECTION II

THE EXTEND ED KAL MAN FILTER

The extended Kalman f i l t e r  is  an ex t ens ion  of o p t i m a l
(minimum—variance) linear filtering theory to problems which
involve significant nonhinearities , e.g. , the projectile aero-
dynamic coefficient estimation task . This section provides
the background , mathematical models , and notational conven-
tions needed for understanding the EKF algorithm developed in
this study. The discussion assumes a basic familiarity with
random variables and state—space notation; additional details —

can be found in References 1 through 8.

2 . 1 KALMAN FILTER EQUATIONS

To a p p l y  K alman f i l t e r i n g  t h e o r y  to any  e s t i m a t i o n
problem , it is necessary to derive a linear , stochastic , first—
order , vector matrix differential equation which models the
nanne r  in which the system states interact and propagate as a
function of time . For linear systems , this equation has the
general form

c(t) = F(t)x(t) + G(t)w(t) + u(t) (1)

where x(t) is an nxl column vector representing the system
state , F(t) is an nxn dynamics matrix which defines the inter—
action of the state vector components , and w(t) is a pxl
column vector of white gaussian noise inputs such that *

E[w(t)] = 0; Cov[w]= E[w(t)w(T)T] = Q ( t ) ó ( t — i )  (2)

The matrix G(t) is an nxp distribu tion matrix which indicatos• how each component of w (t) affects each component of the system
state derivative , and u(t) is a nxl column vector of known
sys tem i n p u t s .  Note  that t h e  F , G , and Q m a t r i c e s  may be

- 

• t i m e - v a r yi n g .  For a p r o j e c t i l e  model , the  e l em en t . s of  the
s t a t e  vec tor  x w i l l  t y p i ca l ly  lu- p r o j e c t il e  p o s i t i o n s  and
velocities , the elements of w w i l l  be r a n d o m  i n p u t s  s uch  as
wind  d i s t u rbances  and turbu l ence e f f e c t s , a n d  t h e  e l e m e n ts  of
U w i l l  be known i np u t s  such as a v e r a g e  w i n d  v~- l o c i t y .

*The symbol  L E  ) d e n o t e s  ma ch e r r . a t i ( -a l  e x l ) o ( - t a t  i o n ;  Coy [ w J
den o t e s  t h e  c ov a r i a n c - m a t r i x  o~ ~~~~.

I—
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At d i s c r e t e  i n s t a n t s  of t ime , t k ,  it is assumed t h a t
measurements of linear combinations of the state variables

- -
~~ are made. The equation describing this measurement process

has the ge neral form

= 11k~k 
+ 

~k 
(3)

where Zk is a vector  of r measured quantities at t ime tk, 1 k
is an rxn observation matrix describing the linear combina-
tions of state variables which comprise Zk in the absence of
noise , and Vk is an r vector of zero mean gaussian measurement

errors w i t h  a covariance matrix , Rk. defined by

T ( [0] k~~~~j
E[.~k!J] 

= 

~ 
R~ ; k j  

( 4 )

At  any  t i m e  t , the objective of optimal estimation
theory is to process all the measurements taken up to that

— time and produce an estimate ~(t) of the system state x(t)
• having minimum error , in a statistical sense . The optimiza-

tion criterion most often chosen is that of minimizing the
mean square estimation error . This minimum mean-square error
estimate is calculated with the Kalman filtering algorithm .

As measurements become available , there is essentially
an instantaneous change in the knowledge of the state x (tk).
Denoting the optimum estimate of x(tk) just prior to the

availability of as and the optimum estimate of the

state vector immediately after processing zk as ~~~~~~ 
t h e

• Kalman filter generates the optimum estimate of the system
state according to the following algorithm :*

S

x(t) = F ( t ) x ( t )  + u ( t )  ; x ( t k l ) = 

~~~~~~~ 
(5)

= 

~~~~~ 
+ Kk[zk - H k x k (~ )l ( 6 )

*Oflly the continuous form of t h e  Kalman filter with discrete
measurements is considered h~-re .

LI __5~~
_
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whe re E ( lua t  ion (~~~) is  Used to ( - a  1 c u I a to  the ~-t ima te b e t w e en
meas urements  and E q u a t i o n  ( 6 )  is used to u p d a t e  t h e  e s t i m a te
when new data is received at each t ime tk.

The n x r  m a t r i x  Kk is the Kalman gain matrix . Let

$~( t )  denote the error made in estimating x(t), i.e.,

= ~c ( t )  — x(t) (7)

and let

P ( t )  = CovH (t)1 = E[~~( t ) ~~( t ) T] ( 8 )

K k is then  computed  us ing  the f o l l o w i n g  e q u a t i o n s :

P( t )  = F ( t ) P ( t )  P ( t ) F ( t ) T 
+ G ( t ) Q ( t ) G ( t ) T (9)

w i t h  P ( t k l ) = 

~k-1~~
’
~ 

and

• K k = Pk(_)H~[Hk
Pk(_)H~ 

+ R kJ ( 10)

~~~~~ = 
[i 

- KkHk]Pk
(_) (11)

where 
~~~~~ 

is P ( t )  j ust  be fore  the  measurement  at  t i m e  t k and
~~~~~ is P ( t )  jus t  a f t e r  t k .  Eq u a t i o n  ( 9 )  i s  used to ca lc-u-
late the estimation error covariance between the measurements ;
Eq u a t i o n s  (10) and (11) are used t o  c a lcu l a t e  the  K a l n i a n  g a i n
m a t r i x  for  use in E q u a t i o n  (6) and to update the estimation

a error covariance matrix when a measurement arrives .

Fig ure  1 i l l u s t r a t es  the  s t r u c t u re  of t h e  o p t i m a l
l i near  Kalman  f i l t e r . Th i s  estimatien algorithm has two d~~s-• t i n c t  phases .  Equations ( 5 )  and ( 9 )  descr ibe  the  time evolu-
L i o n  of the  st a t e  e s t i ma t e  and i t s  error  st a t i s t i c s  between
measurements  under  t he  i n f lu e n c e  of system dy n a m i c s  and n o i s e .
T h i s  process is commonly  r e f er r ed  to as e x t r a p o l a t i o n .
Lq ua t  ions  ( 6 ) ,  ( 1 0 ) ,  a nd (11) i n d i c a t e  how t h e  e s t i m a te  and
its €-rror covariance are updated a t  t h e  m e a su r e m e n t  t ime to
r e f l e c t the new information available. The algorithm is opt i—
mum i n  t h e  minimum mean—square error sense as  l o n g  as  t he
assumed mathematical model for  the  sy s tem is a c c u r a te .

‘I.- 
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CALCULATI ON OFINITIAL ESTIMATION ESTIMAT ION ERRORERROR COVARIANCI COVARIANCE. P(t), ANDP Ro) KALMAN GAINS. K ( t )

STAT E VARIABLE K( )MODEL OF SYSTEM

MEASUREMENT 
~ IDATA “V] COMPUTATION STATE

I OF STATE VARIABt E
INITIAL STATE 

~ 
E S T I M A T E  ES T I M A T E S

VARIABL E ESTIMATE

Figure 1. Structure of an Optima l Linear Kalman Filter

It

A un ique  f e a t u r e  of the  Kalman filter is that the
performance  a n a l y s i s  is In h er e n t  in the  a lgo r i t hm for  kk .
The m a t r i x  P ( t )  is a complete  descr ip t ion of t h e  second -

— order error statistics of the estimate. In particular , the
d iagona l  terms of P ( t )  represent  the minimum mean-square
error obtained in estimating each component of x(t). Note
P(t) is specified for all time by Equations (9), (10), and
(11). Knowl edge of neither x(t), x(t), nor is required

to obtain a performance analysis for the optimal filter .
In other words , the performance of the filter is completel y
determined by its mathematical model , assuming that this
model accuratel3, represents the system which generates the
measurement data.

In summary, the following conditions must be met to
• impl ement an optimum Kalman filter :

• The system must b~ linear.
.

• The matrices F(t), G(t), and u(t)
must he known functions of time .

• The vector i n p u t w(t) must be a zero
mean gaussian white noise process
with known covariance matrix ,
Q(t)~- (t--t ).

• The measurements must obey Equation
( 3 ) ,  and must be known for all k. 

~~~~~~~~ - - ~~~~~~~~~~ -----~~~~~~~~~ --5 —-----5-5-.- —- —- - - - — --
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F

• ThE measurement errors Vk must be a
gaussian white sequence with its co-

- 
- -  variance matrix , 11k’ and its mea n

• known .

• To initialize the filter equations ,
the initial statistics of x must he

- 
r- known .

If the aerodynamic coefficient estimation problem
could be put into a form which met all of the conditions

- ~~ listed above , the design of an optimal estimator would involve
o n l y  the direct implementation of the Kalman filter equations.
However , the projectile dynamics considered here are nonlinear;
the linearity requirement is violated . Furthermore , the ob-
jective of estimating the projectile aerodynamic cc .ci ficients ,
which is tantamount to estimating parameters of the matrix F
in Equation (1), introduces additional nonlinearity. One
means of overcoming these problems is the extended Kalman
filter described in the next subsection.

2 .2 EXTEND ED KALM AN FILTER EQUATI ONS

Since the problem under consideration cannot be
realistically modeled as a linear system , a nonlinear estima-
tion techni que must be used . One method is the extended

• Kalman filter which is essentially a conventional Kalman
filter desi gn applied to a mathem atical model of the system
obtained by linearizing the system about the c urrent state
estimate. The structure of this algorithm is illustrated in
n igure 2. Note that , because of the linearization procedure ,
t~:e covariance calculation is now dependent upo n the state

• estimate. Consequently, it is not possible to calculate the
covariance matrix , as a function of t i me , off-line since it
is dependent upon the measurement data . The extended Kalman
fi]ter yields very nearly optimal estimates if the lineariza -

• t i o n  is accurate , i.e., as long as the s t a t e  estimate is close
to the true system state.

A reasonably general mathematical rr odel  for  n o n l i n e a r
stochastic systems is given by the  equa t ions

c ( t )  = f [ x ( t ) ,  t] + G ( t ) w ( t )  (12)

= h k [x( t k )] + ; k = 1 ,2 , . . .  (13)

7
_ _
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Figure  2.  S t r u c t u r e  of an Extended Ka lman F i l t e r

where f and are n o n l i nea r  d i f f er e n t i a b l e  f u n c t i o n s  of t h e
state vector x , and w(t) and v k are zero mean , independent

gaussian white noise processes having spectral density and
covariance matrices , Q(t) and Rk, respectively. The measure—

ments Zk are taken at discrete times tk.

The first approach one migh t use to derive a
f i l t e r i n g  a lgo r i thm for  x ( t )  in Equat ion  (12 )  is to l i nea r i z e
the n o n l i n e a r  f u n c t i o n s  f and about an a ppropr iate known
reference  t ra j ec to ry  ~ ( t ) ,  and then  apply conventional linear
estimation theory, i.e., the Kalman filter discussed in the
last subsection, Thus , denoting x(tk) by ~.k’ 

the expressions

f ( x , t) f(•~ , t) + —
~~~ (x— ~ ) (14 )

— —
— 

X X
— —

+ 

~~~~~~~ 
(15)

may be substituted into Equations (12) and (13) to derive the
corresponding Kalman f i l t e r  w h i c h  est imates the v a r i a t i o n  in
x , ~x(t) = x(t) - x(t), from t h e  reference  t r a j e c t o r y .  When

• the Feferen~e trajectory is chosen to be the current best
- - e s t i m a t e  of the st a t e , x ( t ) ,  t h e  r e s u l t i n g  a l g o r i t h m  is  kno wn

as an extended Kalman filter ; the mechanization equations for
the latter are given in Table 1 (see also Reference 1). The
matrix P(t) is a first—order approximation to the estImation

L • _~~~~~~~~~~~~~~~
_ ±_ _ _ •~~~~~~~~~~~~~
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TABLE 1. SUMMARY OF THE EXTEND ED KALMAN FILTER

System Model ~ (t) ~~f [ x ( t ) , t J + G ( t )w( t )  ; w ( t )  NjO, Q(t)J

Mea surement Model = + V
k 

; k = 1 ,2, ... N (0 , R.K )

Initial Conditions x(0) — N(~~~, P )

- •~~ Other Assumptions E [w(t v~~
’
] 

0 1cr all Ic and all t

State Estimate Propa gation ~ (t) ~~f[~~(t) , t]

Error Covariance Propa gation P(t ) = F[~ ( t) ,  tj  P( t )  + P( t )  F [x (t~, t i T 
+ G ( t ) Q ( t ) G ( t ) T

State Estimate Update 
~ k ( t )  

~~~~~~ 
+ K

k {~~~~k

Error Covariance Update = - K
~,c

H k [X k ( _ ) ) }  
~~~~

Ga in Matrix Kk Pk (-) Hk [~~k (
~

)] T 
~~k k d P k Hk[~~k~~~i # R~ } 1  

-

F[
~

(t) ,  t J a f [ x ( t ) , t J
• • â x ( t )  -• Definitions — x( t )  x ( t )

ah .Ex(t~)I 
— —

Hk [x( _ ) 1  ax (t ,K )

error covariance matrix , and 
~~~~~ 

and denote t h e  solu-
tions to the propagation equations at time l~ just before the
k th  measurement is processed . The principal practical di i-

• ference in mechanizing the extended and conventional Kalm an
filters is that the gains Kk for the former depend upo n the
estimate; therefore , Kk must be computed online . Consequently,

the computational burden of the extended filter Is greater .
Note that the equations in Table 1 reduce to the optimal
Ka lma n filter outlined in the last section if

-
• 

f(x(t), t) = F ( t ) x ( t )  + u ( t )  (16)

and

= I r h x ( t k ) (17)

-p— - 5- - --——-

~ 
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*1
As a practical matter , one of the most important

- -
• aspects of the EKF is the accuracy of the l inear iza t ion

- • (Equat ions  (14 ) and (15))  about the state estimate x(t). If
the estimation error is large , this linearization is poor and
the f i l t e r  may not operate correc tly . However , for the appli-
cation considered here it has been found tha t  the assumed
l inear iza t ion  is sa t i s f a c t o r y  i f  the  EKF is properly i n i t i a l —

- 
• ized . The details of the i n i t ia l i z a t i o n  procedure are g i v en

in Section I I I  where the EKF equat ions  are applied to the
-

• 
aerodynamic c o e f f i c i e n t  e s t ima t ion  problem .

I

-‘- I  . 
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- SECT ION I I I
- 

-: APPLICATION OF THE EXTENDED KALMAN FILTER

This section describes how the EKF equations in sub-
section 2.2 are applied to aerodynamic coefficient estimation .
The equat ions  of motion of the system model are given , and an
EKF design is developed . Performance results are given in
Section IV .

3.1 EQUATIONS OF MOTION - THE SYSTEM MODEL

This subsection presents the system model upon which
the  extended Kalman f il t e r  design used in t h i s  study is based .
The problem under consideration is that of a six-degree-of-
freedom rotationally symmetric rigid body flying through a
ballistic test range . The projectile dynamic model is taken
directly from Reference 7. The equations of motion are de-
rived in a fixed-plane coordinate system and assume that the

• aerodynamic coefficients are expanded as polynomial functions
of the sine of the total angle-of—attack.

• Figure 3 illustrates the two coordinate systems of
interest. The first (x,y,z) is a fixed inertial system which
assumes a flat , nonrotating earth. The second (x ’ ,y ’ ,z’) is
a fixed-plane axis system attached to the projectile but
having zero roll angle. In this system , the x ’ axis lies
along the projectile axis of symmetry, and the origin of the
system is fixed to the projectile center—of-gravity. The
(x ’ ,y ’ ,z’) system is obtained by rotation of the (x ,y, z) sys-
t en-i t h r o u g h  the  two Euler  ang les ç and e in  the indicated
sequence. The projectile roll angle is measured clockwise

• l o o k i n g  d o wn r a n g e , i . e . ,  f rom t h e  tail of the projectile.
Figure 4 illustrates the Euler angle rotations and the rela—
t i o n s h i p  between the two coordinate systems.

Twelve state v a r i a b l e s  are  used to d e f i n e  t h e  s i x —
degree—of-freedom dynamic equations of the projectile. These
s t a t e  va r i ab le s  are summar i zed  in Table 2 with their defini-
tions and units. Table 3 defines the constants rE quired by
the  model , Table 4 defines the intermediate variables used ,
and Table 5 gives the polynomial expansions of the aerodynamic
c o e f f i c i e nt s  which  are to be e s t ima t ed .

~~ LaJ 
-
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TABLE 2 .  SYSTE M STATE V A R I A B I r-;S

SYMBOL D E F I N I T I O N  UNITS
x Downrange  p o s i t ion  ft

y Cross range  p o s i t i o n  f t
z V e r t i c a l  p o s i t i on  f t
u Velocity along x ’ ax i s  f t/ s e c
v Velocity along y ’ axis ft/sec

w Velocity along z axis ft/sec

Euler angle rad
See Figure 4

Euler angle rad

Roll angle about x axis rad

Time derivative of ~ ra d / sec
4 Time derivative of ~ rad/sec

p Spin rate about x ’ axis rad/sec
___________________ _______________________________________________________________ ________________________

TABLE 3. SYSTEM CONSTANTS

SYMBOL DEFINITION I UNITS

d Reference diameter ft

• A Reference area ; A ~~
-
~~~

— ft 2

Axial moment of inertia 
, s lu g - f t~

-
• 1~ Transverse  moment of inertia slug-ft 2

m Mass slugs

V0 Reference velocity ft/sec

g Accele ration of gravit y , g=32.17405 ft/sec2

- = 3.1415926536 —

13
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TABL} 4 .  SYSTEM INTERMEDIATE VAR IABLES

SYNBO L D F F I N I T l o ~ U N T T~

A i r  d - - : ! y,  -
- 2~ 6l

• 
• ~ 2 2x~~~~~3[ 1_ ( 6 ~~~ 75 4 x lo_ 6 )z]

Ve l - c~ t v  ~~a itude:
V V ~T~— v 2 + w -~ - 

f t  -

— 
Dynani . pre-sur~

~j~~~~1 2  V 2 • 
1 b t 2

S i n e  ~ f t h e  t o t a l  a n g l ’ - — - ) f — a t t a c k ;
-~ + w 2 / V —

TABLE 5. AERODYNAMIC COEFFICIENTS AND THEIR
POLYNOMIAL EXPANSIONS

SYMBOL DEF IN! Tr ON AN D EXPA~ S1O~;t —

C,. A x i . il ~‘o r c- e  c~ Pffjcjent -

• = C.. + C..~
.2 

~ C~~. ( V
0

— V )

~4orma l fc- r~ e c-~effjc~ ent s1o pe~
C ~~ C + C .

- N~ Ni ~~~

# CY p I  • Magnus fu -~ e c o ef f i c i e n t  sl ope ,

Cyp~ ~ ~~~~ +

P t r h i n g  moment  c e f f ~~e~~ent slopem~ — 2Cm C + 
~~~~~~~~ 

+ Cma~ ~“o~’
C ~amp 1ng moment n e f f i e i - n tmq 

—
C ~~C 4- C -- mq mq mq2

C Magnus moment -rofN tent slope-np ,
C = C  + Cnp~ n p &  n p i 3

C11, Spin de l g r t , t i , , n  -) ‘ - ff i - -ie n t

C
1 - F i n  ~ t f lt Tf lo f l l , - f l I  - o. I i c  I c - n t

C 1 Morn t- f lt  ‘~ in ’ r ’  i r a t  t o  c - o p f t  j i:j - n t

i~, th’- s in  ul the ~~~~~

14
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Given the variables and constants defined in Tables
2 through 5, the twelve state dynamic equations can be written

• as shown in Table 6 . The moment o f  inertia ratio coefficient ,
C1, used in Equation 11 in Table 6 is equal to one in any
real system. However , the filt r can estimate the ratio
more accurately than it can be measured . Since a measured
value of 1,/1~ is used in the filter implementation , the esti-
ma te of C1 adjusts for the error in this measured quantity .

TABLE 6. EQUATIONS OF MOTION

• ~;O . 
- 

EQUATION

1 x = u cos~) cos~ — v s i n~ + w S 1 f l ~~ ( -os ,

2. y = U C O S2 s i n~~ + ~ ( O ~~~ 4- W S lfl ~~i f l .

3.  z = —ii sin~ + w cos

- - 
-

4. U = 
\ m )  C~ 

+ g S~~ 11 — \~ • \ ( l) 5

5.  ~
- = -(

~~ ~
. 

~ 
+ (~~)(~~;) ( • - :- 1) 5 + “ s i n )5 /  N t  V m 2\ \ p c  \

6 . ~ = _ ( ~~~~~‘ ~ - C - ~ 1 0  + • V ~~1f l  -
\ m I N c  V ~ m 1’ 2 V/  \ p

7, 
~- = 4~

8 .

9.  = p + ~

10. = 

~(~~~
) S t  (~~~)(~~ ~~~~~ 

- 
(
~~~\d

) ( P4 ) 
~~~~~~

I ~- / \ \ I  I4- 2 - c  s in- + ~‘l ~ C’ I - I~ 
-

I i l l S

11 H = (e d)  ~~~ 
~ 

+ 
(
~~~4~~ 

)(

(I
) (  , ( i 11~ ( r ~~) 

~~

- ~~1, 1 0 5  C - - l ’ 1 ~~

12. = 

~~~)(~~-) c
~~

r)
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This completes the definition of the system dynamic
model . The model is used to generate p ro j ec ti l e  t r a j ec to r i e s
from which measurements are derived to be appl ied t o t he
f i l t e r ; it is also used as the  mathematical model upon which
the f i l t e r  design is based .

The measurement model takes noisy measurements of
posit ion and angu la r  o r i e n ta t i o n  (x , y , z , ti , e , and ~ ) and t ime
as the  p ro j ec t i l e  passes 50 downrange measurement s t a t i ons
dur ing  i ts f l i g h t . To each of these qu a n t i t i e s , a random
gaussian uncorrelated noise sequence is added with a given
rms value .

3.2 EXTENDED KALMAN FiLTER ALGOR ITHM DESIGN

In this section , the EKF a lgor i thm summarized in
subsection 2 . 2  is appl ied  to e s t ima te  the 17 aerodynamic
coefficients contained in the system model defined in sub-
section 3.1. To do this , the system model must be put into
the form of Equations (12) and (13). Let the 12 dynamic state
variables listed in Table 2 be brought together , in the order• l isted , into the vector ~~~~, and let the 17 cons tan t  aerodynamic
c o e f f i c i e n t s  form th€ - vector a .  Then the  equa t ions  of mot ion
listed in Table 6 can be expressed in state vector notation
as

• = £(1, a)  (18)

wher e ~ is a nonlinear vector function of ~ and a. Since the
unknown coefficients contained in a are assumed to be con—
stant , the dynamic model for a is given by

(19)

• where 0 is the zero vector .

To appl y the EKF a l g o ri t h m , al l  of the  q u a n t i t i e s  to
be estimated in Equation (18) must be expressed in state
variable form . This is readil y accomplished by augmenting
Equat ion (18) wi th  Equat ion  (19) as fol lows :

Iii ~~~~~~LiJ L ~ J (20)

Equation (20) is a special case of Equa t ion  (12 ) where

r~i rK(~&1x = ; f ( x , 1 ) (~~1 ~
‘- F.

16 
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p ~

and

G(t)w(t) 0 (22,

The measured quantities in this application are svs—
tem states except for the t i m e  m e a s u r e m e n t .  Thus , t h e  s t a t e
measurements  are l inear , a nd E q u a t i o n  (13) can be expressed
as

~ k = Hkx(tk) + !.k k= 1 , 2 , .  . . , 50 (23)

where tE is the measured measurement time and Z
k 

arc t h e  n o i s y
measured values of x , y, z , ~~, ~~ , and ~~~~. For thi s case , the

matrix is time— invariant and given by

0 0 0 0 0 0 0 0 , 
-

0 1 0 0 0 0 0 0 0

H ~~~0 0 1 0 0 0 0 0 0 0
~ ü 0 0 0 i 0 o 

] 6X 2 0 : (24 )
0 0 0 0 0 0 0 1 0

• ~0 0 0 0 0 0 0 0 1 j
The vector in Fquation (23) represents t h e  measure-

ment noise and consists of the combined effec t of the position
and time measurerrent errors . Since the random time measure-
ment  e r ror , c~~, is very small for this app lication (0.5 usec
r m s ) .  the  p r o j e c t i l e  v e l o c i t i es  can  be assumed constant over
the error i n t e r v a l  and the  total measurement error is approxi-
ma t ed by

= — hl k~~
tk~~ t (25)

The covariance of vk is thus  g iven  by

= R~ + Hk E[~~( t k )~~(t k ) T1I1~ o~ ( 2 6 )

where  v~ is the  measurement  error withou t t ime measurement

error , R~ i t s  cova r i ance  m a t r i x , and 
~ t t he  rms v a l u e  of  t h e

time measurement error . For the current application , the
second term on the ri ght—hand side of Equation (26) is siI~—
n ificant only in the measurement of the pro)e (tile roll ang le ,
which changes at a hig h angular rate~. Consequently, 

~k
assumed equal  to R~ except for  t he  diagonal element associated

~ 

- m- .-— .
~~~~~~- - --



with the roll-angle measurement error , which is approximated
by

Rk(6,€ ) R~ (6,6) + 

~~ 

( 2 7 )

where ~ is the estimate of projectile spin rate. The validity
of t h i s  a p p r o x i m a t i o n  is demons t r a t ed  by t h e  r e s u lt s  p r e sen t e d
in Sect ion IV of t h i s  r e p o r t .

Before  p r e s e n t i n g  the  pe r fo rmance  and  s e n s i t i v i t y
resul t s , a few spec i f i c  i m p l e m e nt a t i o n  d e t a i l s  should be dis-
cussed . F i r s t , t he  f i l t e r  design is based upon the  correc t
values  of the  projectile co n s t a n t s , d , ~~~ I~~, m , and g .
Normally each of these quantities will be measured off-line
with some errors. Except for the ratio ‘x’

11 y ’ none of t h e
projectile constants can he estimated by the filter indepen-
dently from the aerodynamic coefficients. For example , in
Equation 4 of Tabl e 6, 

~~ 
is estimated by assuming that the

value of A/rn is known . In practice , the filter can estimate
o n l y  the c o m b i n a t i o n , A/ rn  

~~~~
, not  and A/rn individuall y .

In this sense , the problem is over parameterized , and all
measured or unknown quantities cannot be estimated indepen-
dently. Therefore , for convenience any measurement errors in
the projectile parameters are attributed to uncertainty in
the aerodynamic coefficients , in order to maintain the expl i-
cit form of t h e  e q u a t i o n s  of motion in Table 6.

Second , the assumption-of a flat non—rotating earth
is not valid for data generated in a ballist ic range and must
be accounted fo r  in an operational program. Third , the compu-
tation of the F(~~(t),t) matrix in Table 1 requires the compu—

‘ tation of

a f ( x , t )
F ( x , t )  = 

— — ( 2 8 )
~x ( t )

This  m at r i x  of partial derivatives is explicitl iv derived for
the f i l t e r ’ s imp l e m e n t a t i o n .  The only assumption made in
t h i s  d e r i v a t i o n  is t h a t  the  a i r  d e n s i t y,  p ,  is i ndependen t  of
altitude , z. W h i l e  not  s t r i ct l y  correct , t he  error induced
by this approximation is trivial . Appendix A gives the de—
tailed equations used to compute this matrix.

• Finally, the initialization procedure is very Impor—
tant to the proper operation of the filter . Before the first

• measurement , only very rough a priori estimates of the

1 ~ 
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I r o j e ct i le ’ s pos i t ion  and d o w n r a n g e  v e l o c i t y  a t  t he  f i rs t  mea-
surement station are available. Thus , the angular and trans-
lational position and velocity initial estimates are set to
zero or nominal values for this station , and their error co-
va r i a n c e s  are i n i t i a l i z e d  at  c o r r e s p o n d i n g l y  h i gh v a lu e s .
The c o e f fi c i e n t  es t imates  and  their error c o v a ri a n c e s  ar e
initialized based upon the a priori knowl edge of the  projec-
t i l e ’ s aerodynamic properties. Based on these initial con-
ditions , the first measurement set is processed , and the filter
est imate and its covariance are updated . This single measure-
me-nt of six positions brings the error covariance of the posi-
tion estimat e down to the measurement noise level but provides
no information on the six velocities at t h e  first station .
Thus , the veloc ity estimates remain extremely poor.

The filter estimates and covariance are pr 2)a~ at e-d
to the next measurement time , and the second filter u l u at f - is
p e r f o r m e d  u s i n g  the second measurement set. This greatly
im p r o v e s  the estimates of the six projectile vel ocities be-
cause two sets of accura te  p o s i t i o n  measuremen t s  at d i f f e r e n t
times have been processed . However , the error covariance at
this point has not been computed correctly. Recall that the
EKF desi gn requires a linearization about the state e s t i m a t e
to propagate the error covariance between two measurements.
Between the first and second measurements the velocity esti-
ma tes are very inaccurate , re-suiting in a poor linearization.
Consequently, the covarianc e after the second measurement is
not a good reflection of the true error covariance . This
prob lem must be corrected at th e  second measurement  i f  future
mea surements are to be processed c o r r e c t l y .

The following filter resetting procedure was found
to be a s a t i s fa c t o ry  method  of correcting the problem do—
sc- i - ibed above- . I m m e d i a t e l y  a f t e r  t h e  second m e a s u r e m e n t  u p —
dat ,- , the fil tering probi em is e s s e n t i a l l y  restarted b re—
se t t in g the error covariance matrix as follows : the error
co’~ t r i a n c e  m a t r i x  o f f  d i a g o n a l  e l e m e n t s  a re  a l l  set to zero ;
t h e  diag onal eleme-~ ts corresponding to positions are reset to
he n~ ll surl-’rnent noise lev~,ls for those positions; the diagonal

(-1 (-p ert S corr’-sponding to coeffici ent est ima tes are set to
t h e i r  rr igi n al va l-e s assumed before the first measurement;
t h e  d i a g o na l  e l e m e n t  c o r r e s p o n d i n g  to t h e  v e l o c i t y  a l ong the
r)r (jectiie ~:is of symmetry is unchanged ; and th e diagonal
ci r-p en ts corresponding to the ether two tran slat ional veloci—

i cs  and the t h r ee  a n g u l a r  ~-e loc  i t  ies are  i n c r e a s e d  h a fac—
b r  of ten over- their current valu es . This cevariance ma trix
is th ( n propagated together with the estimate to t h e  t h i r d
measu remen t , the- third update ecrurs , and normal processing
continues I h e r e a l be r . S ince  t h e  estimates of p o s i t i o n  and

P v e 1 ( ( -j t v  a re  f a i r l y  a c c u r a t e  a f te r  t h e  reset , t h e  I i n e a r i z a —
I I O f l  is  good over t h e  p ropaga t  ion h et w e en  t h e  reset  a n d  t h e

________ 
_____________________________________



- th i rd  measurement and the filter operates properly, correctly
comput ing  the e s t ima te s  and t h e i r  corresponding error c o v a ri -
ance m a t r i x .  E s s e n t i a l l y ,  the  reset s t a r t s  the f i lt e r  over

• a f t e r  the second measurement up da te w i t h  a new i n i t i a l  co—-- v a r i a n c e  m a t r i x  t h a t  is a much more accurate representation
- of true velocity estimation errors . The effectiveness of

~ ~ 
this initializa tion procedure is demonstrated by the experi.-
mental results presented in Section IV .

I
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SE CTION IV

- -

• PERFORMANC E AND SFN ~~IT I V 1TY RESULTS

This section presents performance and sensitivity
results obtained using the EKF al gorithm described in sub-
section 3.2. Test procedures and performance measures are
discussed , a nominal test ease i s  d e f i n ed , and  t h e  f i l t e r
performance for this case is demonstrated . Finally, sensi—
tivities to variations in the nominal test condition s are
i n v est i ga t e d .

4 .1 TEST PROCEDURES AND P 1-:RFO RMA ~< CI - M E A S C R F S

Experimental data is generated by a t r a j e c t o ry  ~m u —
l a t i o n  program w h i c h  i nt e g r a t e s  t h e  e q u a t i o n s  of m o t i o n  g i v e n
in Tabl e- 6, based on given t r ue  v a l u e - s for  a l l  t h e  Comp o n e n t s
of the  model . As t he  downrange  p o s i t ion  of t h e  p r o j e c t i l e
rea (-hes each measurement station , the t i m e , p o s i t i o n , a n d
angular orientation of the p r o j ec t i l e  a r e  c o m p u t e d  and c o r —
rupted by independent zero-mean gaussian n o i s e  s e q u e n c e s .
Thus , the input data to the filter consists of 50 sets of
seven measurements (three angular positions , three transla-
t i o n a l  pos i t ions, and t i m e ) .  The f i l t e r  d e s i g n  is s p e c i f i ed
by the system model and i ts  constants. I t  b e g i n s  w i t h  a g i v e n
initial state estimate and an assumed covariance matrix ,

The p e r f or m a n c e  of the  f i l t e r  is evaluated by observ—
I n g  its estimation error in relati on to the  errc - r s t a n d a r d

de- v~~a tj on s  o b t a i n e d  f rom t h e  c o va r i a nr e  m a t r i x  c om p u t a t i o n .
I f  the  e r rors  are co n s i s t e n t  w i t h  the computed standard de-via—
ti en , then the filter is considered to be o p e r a t i n g  p r op e r ly
and i t s  absolute performanc e can he judged by the estimation
errors achieved . Thus , there are two bas ic measures of per—
formance , estimat ion error and consistency between thi s error
and its computed standard deviation.

-1 2 THE NOMINAl. CASE

The nominal tra jectory is obtained by  integration o- t
thu equat iflns of motion in Tabli- 6, us ing t h e  projectile con—

~ t a n t s l i s t e~1 in Table  7 , the tra jectory dynamic i n i t i a l  cor—
l i~ ions (at t=0) listed in Table ~~ , and the t rue aerodynamic
coe ffiCien t values listed in Table 9. A s the downrange posi-
tion (x) of the p r oj ( - c t i l e  passes t h e  50 measurement station
locati ons listed in Table 10 , measurements of tin e , an gular
posi tion , and translational position are made . These

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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TABLE 7 . NOMINAL PROJECTILE CONSTANTS

- - -

• SYMBOL DESCRIPTION NOM INA L VALUE

d Diameter 9.8333x10 ’2  f t
(33 mm)

m Mass 2.4865x10’2 slug
(0.80 ~)*

Axial moment of inertia 3.2376x10 5 slug— ft 2

(0.15 ~ in.2)

I Transverse moment of inertia 2.6764x10 4 slug-ft 2

(1.24 # in .2)

V0 Ref erence veloc ity 3 .3457x 10 f t/ sec
(Mach 3.00)

*32.174 � = 1 slug

TABLE 8. TRAJECTORY GENER A TOR AND FILTER
DYNAMIC STATE INITIAL CONDITIONS

‘I RA - I  l- ( TORY ‘rHUI - V Al .!) I- A l ’  I N I  TI  Al - V A ! , )  1 [ Ilils l-LRI ~~)I4
M o l i l  I~ I N I T I A l .  l I ~ -~’l ASS U M I - D 14Y A S M 1 M E u  BY

I ( Y l ~A M I ( ’  ( ( N l ) I ’ l I O N ; t l I - .A sI )nI - :MI -: N’I ’  } ‘ l I ’ I I :R  A l  F i l , T l H A l
S l A t E  U N I t S  1 — 0  ‘- I A F I O N  t (~ t — 1 1

x ft 0.0 5.03 5 • h 1 . 0
i t  I 0 .0 1 . :n x j~~— 4 0 , ))  1 . 0

-~ f t  2 ( 1  20 .008 20 .) )  1 . 11

o f t  / se - 3 , 351 ~(1 3 , 1- 1 ( 1 . 7 ‘3 . (‘0(1 I)  6(1)) - I )

v I t / ~ .i-t - 0 ,0 — 2 0 1  .0 0 . 0  30(1 - ( I

w f t ,I~~,.-
- ( ( . 0 1: 17 .2 1) . ))  3( 10 . 0

-~ rad  ( ( . 1) ( I  • Olat 0 . 0 1 , 0

0 r , )  — 1 , 7 4 5  x ( 1 ,04 0 0 . )) 1 , 0

0 , 0 10~ (0~ 0. 11 2 ( 0 . 0

i - ad /~~
- , - - (1 . 0 - ~~~ (1 ,0

r ad / ~~ i - ~ f~ . 0 —1 1 - ) . I i 0 . 1) 1( 1( 1 .0

~
, r ad /s, c 703 . ) )  111 . 7 ( 1( 1 - 10 , 000 . )) 1 , 000 . 0

~
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‘rAl~LF 9. TRUE COEFFICIENT VALU I- S, IN ITIAL FILTER E STIMATES ,
AND INITIAL ASSUMED STAND ARD DEVIATIONS OF ERRORS

RMS ERROR I
I IN I N I T I A L

I N I T I A L  ESTIM ATE I N I T I A L
AERODYNAMIC - FILTER ASSUMED BY PERCENT —

COEFFICIENT TRUE VALUE ESTIMATE FILTER ERROR

- .- C~ 0.225 0 .300 I 0.2 33
- 

-
- 

C~ 2 1.5 0.0 1 ,0 —100

C,~~ -0 .54~~10~~ 0.0 ~~~~~~~~ —100

2.87 2 .75 0 .32 -1

C
~ a3 10.0 0.0 5.0 —100

~~~ -0.9 -1 .0 0.1 
- 

11

C,~~~3 5.0 0.0 I 3 .0 —100

C 3.15 2.50 0.75 —21ma 
—

C
3 

- -6.0 0.0 6.0 —100

C v 2 .58~ 10~~ 0 . 0 3 .0~ 10~~ -100

Cmq -18.0 -15 .0 5.0 -17

Cmq2 10.0 0.0 5.0 —100

0,3 0.0 1.0 -100

2 .0 0 .0 2.0 -100

C1 -0.024 —0.015 0.015 -38

C 
~~~~~~~~~~~~~~~~~~~~~~~~ 0 .0  ~~~~~~~~ -100

C
1 

1.00 1.01 0.01 1

23 
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TABLE 10 . MEASUREMENT STATION LOCATIONS

- ,
‘ STATION DOWNRANGE POSITION STATION DOWNR A NG E POSIT IO -’

NUMBER (FT) NUMBER (FT)

1 5 26 275
2 15 27 290
3 25 28 305
4 35 29 320

-: 5 45 30 335
6 55 31 350
7 65 32 380

8 75 33 395
9 85 34 410
10 95 35 425
11 115 36 440
12 125 37 445
13 135 38 470

‘ 14 145 39 485
15 155 40 500
16 170 41 515
17 180 42 530
18 190 43 545

- 

- 19 210 44 560

• 20 220 45 585
21 230 46 600

• 
22 240 47 615
23 250 48 630
24 260 49 645
25 270 50 660

- - I
,

24
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r~easurements consist of the trw- values of t h e s e  juant I t i e s
corrupted by independent sequences of uncorrel ated zer( -mear
gaussian noise samples . The standard deviati ons of the noise
sequences for the measurement of p o s i t i o n  ( t r a n s l a t i o n a l  an~angular) and time are given in Table 11 . F ig u r e s  5 and 6 are
plots of some of the states of the nominal trajector~ to
illustrate its general form and frequency content. Fi gure 6
also includes a plot of the total angle-of-attack , ~~ , defined
by

= sin~~ (c) = sin _ lE
~~ 

(2 9 )

This trajectory represents a model of a 30mm p r oj e c t i le  t rave l -
ing at approximately Mach 3 with ~nitial Euler angle rates of
0(0) = 55 radians per second and ~-(0) = 0 radians per second ,

The filter design is based upon the same equations
of motion and projectile constants as the nominal trajectory .
The filter is initialized at time t1 when the projectile
activates the first measurement station . Table 8 gives the

• t r u e  v a l u e s  of the projectile dynamic state~s at t 1, the ini-
tial filter estimates , and the initial rms errors in the esti—
mates assumed by the filter at time t 1. No te  that o n l y  r o u g h

knowl edge of the initial positions and velocities is assumed
by the filter .

TABLE 11 . NOMINAL MEASUREMENT ERROR STANDARD DEVI A TIONS

SYMBOL DESCRIPTION N O M I N A L  VALU E

T r a n s l a t io n a l  Pos i t i on  (x , y , z )  0 .01 f tp Measurement Error Standard (..01 in.)
D e v i a t i o n

Angular Or ien tation ~~~~~~~~ 1.73x10~~ rad
Measurement Error Standard - (0.1 dog)
D e v ia t i o n  

-

T ime o f Measurem ent Error 0.5 ~secStandard Deviation

25
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Figure 5. Nominal Trajectory States x , y, z, u , v , and w
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In a similar manner , Tabl e 9 gives  the tru : values
of the 17 aerodynamic coefficients , the initial values of the
coefficient estimates , and the rms estimation errors assumed
by the filter . Tabl e 9 also lists the percent errors in t h e
initial coefficient estimates . This completes t h e  specifica -
tion of the trajectory, mea surement process , filter design ,
and filter initialization for the nominal case .

Figures 7 through 13 illustrate the coefficient esli-
mat ion error performance of the extended Kal ma n filter for
the nominal case . The estimation errors (solid lines) are
plotted as percent errors relative to the true coefficient
values , tha t is ,

Percent es t imate  error = 100 (C - C) (30)

where C represents the estimate of a coefficient , C its true
va lue .  Also plotted on t h e  same figures (dashed lines) are
the normalized positive and negative one-a values of these
errors as computed by the f i l t e r  covariance matrix . These
one—c values are defined as

Normal ized computed 
— ioo~~~~~ p 3 1)

• standard deviation — 

C

where P~ is the value of the  d iagona l  element in the filter
covariance matrix assoc iated with C. Table 12 summarizes the
filter errors at the end of the trajectory.

Figures 7 through 13 indicate that , in all cases ,
• the parameter estimation errors achieved are consistent with

the standard deviations computed by the filter . Some of the
coefficients are estimated very accurately by the filter while
others are not estimated at all . This is due to the fact
that some of the coefficients have very little effec t on t h e
trajectory and are therefore not visible in the data. Others
strongly affect the trajectory and are easily estimated . The
covariance calculation correctly distinguishes between these
coefficient types and extracts most of the available informa-
tion from the data .

An attempt was made to improve the estimates for the
nominal case by filtering the nominal data set a second time .
This was done using the final coefficient estimates and their
respective covariances as the filter initial condition for
the second pass through t he  data . Since the filter begins
the second pass with better est imates , the linearization
assumed in the EKF derivation should be more accurate , and
the filter should he closer to an optimum design. Table 12
lists the results of this experiment , designated Test No . 1 ,

2S
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as we l l  as the  r s su l t s  for  o t h e r  tests no t  ve t  d iscussed .
~~ ThE- second pass~~tt~rough- t-h’- data results in no rea l improve-

ment in estima tic n accuracy , indicating that the fir~.t pass
(-x~ ra(:ted almost all of t h e  a v a i l a b l e  i n f o r m a t i o n .

A n o t h e r  i l lu s t r a t i o n  of the  f a c t  tha t all pertinent
in f o r m a t i o n  about th e  c o e f f i c i e n t s  has been extracted from
t he  d a t a  is  o b t a i ne d  }Iy i n t e g r a t i n g  t h e  tr ’a J f - ’( -t o r y  u s i n g  t h e
estimated coefficients and comparing it with t h e  n o m i n a l  t r a~
j F ’(  tory hao.ed on t h e  I rue cos t Ii d ent S .  Figure 14 shows the
tr a i ~- - tory states y, V 1 and ‘~ f o r  t he trajector generated
using t h e  est ima l d v a l  U (-5 of t lis- coefficients provided by
the F.KF for 1 he n rn I na 1 s- - a  ~-;s - , T hp .ss- cu r v e s  ar. - v I rtws 11 \
i n d i s t  in~’u i shah l *- f r ’- , r s t h s - i r  t N i l -  s - s - u n t r ’ r p a r t s  i n  }l pu re s  ~• 
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-1 . t  PERFORMANC E SENSITIVITY TO TRAJEC TORY ANP MEASURl-~M1.:~i
1-RROR lI -V 1 11

Table 12 summarizes ti ll - j.- erlormance l I f  the EKF for
t hs nom i nal C a S ( -  and several additiona l simulations. Tests

L 
Nc. . 2 :ind No . 3 art- designed to show the s-en si t iv it v of FKF

~~~~~~~~

-—

~~~~~~~~ 

Iler c o r r n a n d c - - to the arnount of angular m otion in the I r aj e c tor y .
~ ~~~~~~~ t .ion~ for  t hese  two t e s t s  d i f f er fJl ,n: the nonina I

Case ( I f l i  v in the f f lr t ta-~- .s:ofldi t lCIflS On t he  t r a l ( c t o r v  g e ner a t o r
- Rec a l l  tha t for the n o m i n a l  t r aj  ~~t-e-~~~ the i n i t i a l  l-:u1 -r angle

ra tes are

- 

( 1)) = 5~ rad I ans per s -
~~ 

( I

( 0 )  0 i~~~t ( i ) an s per Seeofld

-~~



In Test No. 2, ~(O) is set to zero resulting nt a traj cctor~without the high frcquenc~ nutat ional motion seen in F i g u r s
5 and 6. In Test No. 3, ~‘(O) is set equal to 100 radians j i r
second ~ieldin g a tra~ ectorv ~ith a nutational motion of
approx imat s- l 

~ 
twice I he amp litud e of the nominal trajec tory -

- 

- •  
In each case the fi l t - r  operated in a consistent

manner . The final estimation errors and their compu ted stan~dard deviations are shown i n Tabl e 12 . For Test N o .  2 , the
-
~~ 

• lack of angu~ ar motion severel y affects the filter ’s a h i l i t v
to estimate those c o e ff i c ie n t s  associated w i t h  projectile
nutat inns. This problem is corr (!ctl y refl€ -ted by t he  c o —
v a r i a n ce  c a l c u l a ti o n s .  The lack of angular motion helps ,
however , in the estimation of the drag coefficients C> and
Cx~r and in the S j l i f l  damping -o s-f ficients C1~ and C 1c- . Test

-
- 

I
- N e .  3 h a s  la r g e  a m p l i t u d e  a n gu l a r  m o t i o n s  ~ h ich  a i d  i r .  t h e

e s t i m a t io n  of coeffi cients associated with this motion. For
example , the estimates of CT,~2, Cmq~ 

and Cm (t3 are greatl~ im-
proved . It  is also interesting to note that there is a degra—
dation in the  estimates of and C~~, from the nominal case.
In Test No . 4, the time measurement noise is set to zero both
in the  mea surement  mod el and i n  t h e  f i l te r  c o m p u t a t i o ns  ot h s r-
wise , everything Is the same as  the  n o m i n a l  case . Time mea-
surement noise apparently h~ s a negl i g ib l e  e f f e ct  on t he  est i-
ma t ion of all coefficient s except those associated with the
sp in r a t e , C1~ and C1~~. DUO to the high spin rate of about
10 ,000 rail lans per second , t ime errors look like i nc’reas (-ci
rol l  posit  ion  measu remen t  e r ro r s  as described i n  s u h se - t  ion
3.2 . W ith no time measurement noise , t h e  effective errors in
rol l  ang le  mea surement  are s m a l l e r , therehv reducing the
coefficient est ima t ~l I fl error s.

U.

i n  Tc-st No.  5 , t h e  t r a n s l a t i o n a l  and  a n g u l a r  p o s i t i o n
measurement noise variances are raised by a factor of ten .
This change is made in both t h e  measurement error model and
in the filter design . As might be expected , the higher noise
e n v i r o n m e n t  degrades  the  pa rame te r  e s t i m a te s .  In p a r t i c u l a r ,

-
- t the  ability to estimate ~~~ i s a lmos t  lost , and those coeff i—

t 
• d ents which were accuratel y estimated in the nominal case

are generally degraded by factors of two or more in the hig l~er
no ise environment . This effec t is to be expected and it is
accurately accounted for by the EKF ’ s r ’o v a r i a r . d f s  calculation.

In summary, the study demonstrates that aerodynamic
coefficient est imation accurac~ is strongly influenced by the-
test scenario in which the f 11 t’-r operates . However , t h e  EKF
algorithm generally extra cts r~ost of t h e  information about
eai h coefficient available t rom th i- data and c o r r e c tly  a s s ign s
un certainties to the est irnat s - i ~
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-l  . 1  PERFORM AM I - : S E N S I T J V  IT? ‘10 M0U l- :LI NG I-:RROR

In  subsec t ion 4 .3 , a l l  o f  t h e  expe r imen ts  i n v o l v e  a
- •  filter design where the filter assumes the trajectory model

actually used to generate the data . In many practical appli—
cations , the filter design model may on1y he an approximation
to the system which generates the data . Such modeling error

• can severel y affect the performance of the  f i lt e r i n g  a l g o r i t h m .
Table 13 summarizes the  r e s u l t s  of the nominal case and three
exper iments designed to test t h e  e f fec- t of  m o d e l i n g  e r ro r  on
filter performance.

TABLE 13 . FI l TER SEN S I T I V I T Y  TES’I RE SULTS

FINAl l’I-.W:f-: Ni- 1111)011 A~~I ( i~0IlM AI .1Z l - I ’  i ’I’A I IAI 1I )  II - I C . - )
- - 

7 ~

A I I I O I I \ ’ N A M I C  I N I i I A I  N O M I N A l .  l ! - ~~~~
I ’ NO . ( ~ V ’ l I - V M () I Ll 10;

( O i : F 1 -  1~~ 1FN T (_ l c \ l ( I i  (S OS ( ‘A S I-  ‘
~~ 

W2. lP l I i - ( 1-il 1 -1 M01 I- ( l-~I -  I I 1(0011

:13 (~~9)  
- 

2 ( 2 )  2 ( 2 ) -(I . 1 ( ( I , : )  3 ( 7 )

-1 0)) (Ill ) - -9 1  ( l ; - i ) -~~~1 ( 0 1  - 1 2 ”  ( - 1 1 )  - 1 ( 2  ( U f l - )

~~ ~~~~~~~~ ( l H r . ) - 5 ) 1  ( -u ~ ) - “ I  (- 1 5~ 
- 

- - -  ;- -73 ((~~ )

- -1 1 1 )  0 (3 )  (~ ( ‘ I )  I .  ( ‘ I )  2 ( 7 )
- 100 (~~0) - io ~ ~~ ü) — i  w , (50 ) - i o : -  (~~1 I )  ~4 1P ( : 1 - )

7 
i i  (11) N (11) 1) (1 1 )  4 (11 ) 11 (1 1 )  

I 
-

~ 1 ~ 
— 1(10 ( 0 ))  ~Cl7 (11)) : o-s (s11 ) - 57 (00 ) - ~I ’ $  (O I l )

-o - 2 1  ( ‘ 0 )  — ‘‘ . 1 ( ( l ~~% ) - 4 ) . 1 ( 1 1 4 )  ~l I ’ ( ( ( 1 7 )  ‘ - I L l ( 1
‘

s- 
- 1 ( 5 0  ( 1 ( 1 0 )  - 2-1 (4 : ’ )  - :o (ic - I 1 1 7  ( 7~~, -o
— 1 0 ( 5  ( 1 1 7 )  ‘IN ( 7 3 )  1 ( 7 ) )  — — 3 )  o S : ’ )

-17 ( : 4 )  -2 ( 3 )  - - : -  ( 3 )  - ( : 1 ) - : ° • N ( 4 )

(1)112 
—~i00 ( ~,O) — 10( 1 (50) — 1 ( 1 ) )  ( 5 0)  — l 0 ’ r  ( !~0 ) - - 1 ( 1 0  4

0 ( 1  
—1 00 (33:4) - - 1 0  ( 1 : )  ~4 l ( 1 2 )  II  ( 1 2 )  

- 
-
~~~~ ( 7 1 )

- - 1 ( 1 1 )  ( 1 ( 1 ( 5 )  — 1 0 2  (100) - 10 2  ( 1 1 ) 1 1 )  - 1 0  1 ( 10 1’ )  1 ( 5 ~ - ( I ’  I

l~~ - :44 ( C 3 )  I ( 1 1 )  -2  ( - - )  I ( I i )  - I I 
~~~)

— - 14 ’ ) )  (1 (415 ) - II (5 5)  11 ( : - : 1 ) - - 1 1  ( 7 : ) 11 1

1 ( 1 )  - I I  . 111 ( 0 . ( ‘ : )  4 — 0~ I i ~~) 
- ‘s:i ) -0 . 0 1  ( I I  - 07 )  I I  - ‘ 5 5 3  ~~‘ - C

L ~ ‘

:17

______________________________  — -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~ -~~~ — - - - - - - - -  - --



- - 
~~~~~~~~~~~~~~~~~~~~~~~~~ - - ~~~~~~~~~~~~~~~~~~~ 

‘
~~~

-‘ Test No. U in v e s t i g a t s --s- the influence of unmodeled
time measurement no i se . Here the filter assumes that the rrr s
t ime measurem rt errors are zero when they are actually t l’se
same as for t he  n o m in a l  case . The e f f e c t  of t h i s  m o d e l i r g
error is signifi cant only in t h e  es t i ma t es of those c o e f f i —
cicn ts associated with the SI-in rate dynamics , C and (‘ - .

‘p
While the tabl e seems to indicate performance improvement
this is not necessarily the case since the errors i n v olv e d
are random . Fi gu re  15 shows t h e  estimation error and s t a n d a r d
dev ia t ion of f or the  nom inal case . Figure 16 shows th e m
for Test No . f l :  s - v i d s - n t l y  t h e  s t a n d a r d  d e v i a t i o n  is lower  b u t
the actual estimation error is larger . Thus , t h e  average
error  p er f o rn i a nc ’  i s  poorer t h ~t n  nom inal , and  the  s t anda rd
deviat ion g ives  a le s s  conservative indicati on of the rms
err o r .  The same effect is shown in  F i gu r e s  17 and 18 for
C 1~~. F i g u r e s  19 and  20 show t h e  e f f e c t of t h i s  modeling er r o r
on t h e  f i l t e r  r o l l  a ng l e  r e s i d u a l  process .  This process i s
defined to be the  d i f f e r e n c e  be tween  each r o l l  ang le  measure-
m e n t  and t he  v a l u E -  of t h a t . r iu -a su rem en t  predicted by t h e  f i lt er
based upon pas t  d a t a .  In t h u - s e  figures , the residuals are
n o r m a l i z e d  b y their ( om pu t ( -d  st a n d a r d  dcviii  t ion s  \ k h i c h  a r e
c a l c u l a t e d  f r o m  the  f i l t e r  o~ ariance matrix. The residual
process for Tcst No . 6 in Figure 20 has a ri uch larger rms
va lue  than  t h a t  for t h e  n o m i n a l  case shown in F i g u r e  19. The
fact that the  rms n o r m a l i z e d  r e s i d u a l s  in F i g u r e  20 are so
large is  a good i n d i c a t i o n  t h a t  model ing  er ror  exists in the
rol 1 d y n am i c s  or m easurer T len t  model

U.

100

COMPUTED STANDARD DEVIAT ION 

— ESTIMATION ERROR
I-

10 20 30 40 50
M E A SUR E M E N T  NUMBER

L F i gu re  15. (‘~~ Porc o  nt 1- i--i i m a t  iLI r Er ro r  and Its Comput oil

S t a n ~j f l r I 1  I)evi~tt i n i i  ~\ l , f l ) 1n a l  Case
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F i g u re  20.  N o r m a l i z e d  R o l l  An g le Measur e r ren t  E ’s i d u ~- L s ;
Test. No.  6 — Time M e a s u rem e n t  E r r o r s  Cnmo de l  s d

Test No. 7 ir .v -st ig at s -~- t h e  e f f e c t  of n o t  m o d e l i n g
I 1; ’ a s rodynamic c o e f f i c i e n ts  ~~~ and  ~~~~ , w h i c h  a c c o u n t  f ü r

• sh ~~rgs-s ~I) and 
~
‘
m-~ 

as veloc ji chan ges. Figure 2 1 1 l o s —
t r a t e s  t h e  effec t of this modelin g r-rror on t h e  (-stirsates of

a n d  C 
I,3~ 

n o te  the poor performance and alfl’a rent d i~ ergerlc&-

as con il :ared to  the n o m i n a l  case in  F i g u r s ’~- - 7 an d  10 w h *- r e
o h~-se e st i m a t e s  a r e  much h o t t e r  is-ha v e d . ( ‘ 1 s - a  r l  ~ , t l s : - e  ye—
I c’s. itv t erms mus t  he modeled  by t h e  f i l l e r  i f  t i e  a er o dy n a r o c
s -- - f f i c ients change with voice its - . Table 1~ su mm ar i z c ~ t h €

r s s u i t s  of t h i s  e xp e r i m e n t .

Test Nc . 8 i n ve s t i g a t l c —  t h e  e f f e c t o f  t h -  f i l t ’ - r
:1- - s l Im i nk ,  rms p o s i t  i o n  and an g l e  r , ( a s U I - s -ns - r ° t r r or s  t i  I~( ’  I i r ~~s
I i-~:er t han  ac t  h a  i i  v e xi st . Tab i s -  13 sh ov- s I h a t  t I:ei- is
sorr ’- d e g r a d a t i o n  in  pe r forn ianc  , but it is rs - t as 1ar~~ - as
r: .i gh t is -  expec ted  . The compu t ed S t  a n d a  rd d ev i i i  t ( l r ; s a ru
ov e r l y  co n se r v a t i v e  in  t h i s  case , w h i c h  m i c h !  i s -  d s - s t r , s I ’ l s  i i
a l — r a (  t i s-a l  opera t lo n al  p r o g r am .

1-IS CUSSION OF RESULTS

In the a b s e n c e  of s i g n i f i c a n t  m o ch - l  iri g e l - h - si r .
I k~I- a l g o r i t hr r  d e m o nst r a t e s  exce l  1 ‘ n t  per f - r r  a l - - s . W h i  I ’ -  l i e
o f sign is known to  be s u b op t i ma l I ( ( - f l U s ( -  of  t h -  n - - n i  i l I l - : r i t i - s
in the projectile dynamics , it appears t h a t most of obs sig-
n i f i c a n t  i n f o rm a t i o n  in  t h e  d a t a  i s  - x t r a - - t s  d I - v  o } s ~ a l g r i t  i:m
I o I t i ’

~ the  e s t i m a ti rn  e r rors  a n d  t h e  m e a s u re r  u t  r~ —i d u a l s
( - I -- n - ; - ]  ct  e ly  consistent with the ~u~ - v a l u e s  ; - i  ( ‘( 1 ~~‘t e d by h s ’  
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F ig ure  21. 
~x2 a n d  Cmct3 Pox-cent Estimation Errors and

Their Compu t ed Standard Deviations; Tcst No. 7 —

and (‘
~~~~~~~~ , U nm oclel ed

EKF covarianc~ equations. For the nominal casc- , the linear
d r ag  coeffic is-nt C~. is i-st i r : s t i d  t o  w i t h i n  2 p er c e n t  a n d  t h e

drag variation w i t h  ~e]-)(-ity ( ,~~~~ , t o  v i t h i n  4f  percent. The

o t h e r  f o r c e  c - o e f f i e i s -n t s -  h a v e -  c-~r u 1 y  a m i n o r  i n f l u e n c e  on t h e
t r a j e c to r y  and are  not  accurat e ly e s t i ma t ed . The moment  C C ) —

e f f i c ie n t  C~ ~~ e s t i m at ( d  t o  w i t h i n  1 p e r c e n t ;  Cmq is e s t i —

m a t e d  to w i t h i n  3 p s- r s (flt . a n d  C n i  to within 12 percent.

T h e  sp in  co -fflc i ( - f l t  C 11) 
I s (‘i)tai nod to  ~ithi n 14 pE r c en t  and

C ] :  to w i t h i n  5f~’ p s - r - e n l  . I- i t - a ~~l v , t h e  momen t  ( I f  i n e r t i a
(r,effj (-j (~flt ~

‘ 1 ~~~ o t s I : s ~~t i s - d  I s i  ~‘. t h i n  0.02 p o r e s - l i t .
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The algorithm is sonsi t lye t o  model ing errors . T h i s
is reflec ted in the measurement residual processes . In  pro-
c-e.ssing test data , the residuals s -an indicate that the co r r ec t
projectile model is not being used , thus h e lp i n g  i n  t i e  de-
velopment of a correct model for a g i v e n  p r o j e c t i l e.  The EKF
is also sensitive to the initial c o e f f i c i e n t  s -r r o r s  and  t h e
i n i t i a l  c o v a r ia n c e  m a t r i x  assumed for them. I those erroi-s
and/or their covariance are too large , the l inearizati on
assumed by the filter n a y  be inadequate and the filter may
opera te  poor ly  or d i v e r g e .  F o r t u n a t ely ,  engineering judgment
i n  the initial i zation of the filter has been sufficient to
insure good filter performance in  t h i s e x a m p le .

The EKF algorithm requires th e -  i n te g r a t i o n  of t h e
sys tem st a tes  and  the upper triangle of a 29 29 covariance
matrix . This is done by trapezoidal integration at a step
size of 0 .05 m i l l i s ec o n d . Larger  s t ep  s i -ze~ : l e a d  to num erical
in s t a b il  it ies and incor rec t  c o v a r i a n c e p r o p a g a t i o n .  T u e  a l g o —
r i t h m  opera tes  in a p p r o x i m a t e l y  300 t h o u s a n d  b y te s  of memory
on an IB M— 36 0—1 - l5 , r e q u i r i n g  50 m i n u t e s  o f  CPU time to process
t he  50 sets of measurement  d a t a .  An o p e r a t ion a l  a l g o r i t h m
could be developed which would  improve  these  t i m e  and m e n n r v
r e q u i r e m e n t s  co n s i d e r a b l y  by eliminatio n of unnecessa ry  corrpu —
t a t i o ns  and s to rage  and by i m p r o v e m e n t s  in  t h e  i n t e g r a t i o n
technique and program organization.

F
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SECTION V

CONCLUSION S

The princip al con clu s i o n s  of this report are:

1. The feasibility and accuracy c,f the extended Kalrnan
• filter for balli stic range aerodynamic cciefficient

extraction has been demonstrated for a 30mm projectile.

2. For the example used in this work , the EKF estimates 8
of the projectile ’ s 17 aerodyn amic coefficients to
w i t h i n  10 percen t  of their true values . The r e m a i n i n g
coefficient s have such a small effect on the trajectory
that they cannot he estimated t h i s  a c c u r a t e l y .

3. Si g n i f i c a n t  coefficient variations with mach number
should be model ed and can he estimated by the LKF
algorithm .

4. The EKF accurately estimates the rms errors associated
with each parameter estimate.

5. Those coefficients which cannot be est ima ted from the - :
d a t a  a re  i d e r t i f i e d  by t h e  EKF algorithm , and the
a p r i o r i  u n ce r t a i n t i e s  assumed for them remain
s - s s en t i a l l \  u n c ha n g e d .

6. The EKF t e c h n i q u e  is general and can be adapted to
v a r i o us  s i t uat l o n s  and  c o n d i t i o n s .  I t  i nc o r p o r a tes  au
a priori knowl edge available about the aerodynamic

F C ( ’ ( ? f f i c i e f lt s  w h i c h  might be available from design
c o ns i d e r a t i o n s  and  wind  t u n n e l  t e s t s .

7. The absolute parameter estimation accuracy achievable
• is sensitive to the part icular trajectory motion that

occurs , the  measurement  no i se levels , and any mode ling
errors in the filter design .

.
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SECTI ON V I

- RECO MMI - ND A T IONS

- The general EKF t e c h n i que  d e m o n s t r a t e d  h e r e i n  can
-. 

be used as a tool in aerodynamic model development , t e s t  —

- 
• evaluations , and bal l ist ic r a n g e  e r r o r — l e v e l  c a l i b r a t i o n

because of its sensitivity to modeling errors and test con-
ditions. Other possible applications include the reduction
of wind tunnel data and the extraction of missile and air—

- c -r a f t  aerodynamic coefficients from onboard and external
measurements .

The EKF algorithm should he compared  w i t h  o t h e r
c u r r e n t  d a t a  r e d u c t i o n  t e c h n i q u e - s  such as t h e  C h aj m i ~~ -N i r k
al gorithm. Development of an operational algorithm wou d
then be a natural extension of the current york . The alga—
rithm should be eva lua ted  fo r  p r o je ct i l e s  o t h e r  t h a n  the

- a 30mm round  used in  these  i n v est i g a t i o n s  to assess i t s  per-
formance over a range of aerodynamic bodies. Fin a lly, the
expans ion of the current model to the asymmetric airframe
case should he pursued .
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COMPU T A T I ON  OF F(~~( t )  , t )

The p ropaga t  ion o f  t h e  L K F e s t i m a t i o n  e r ror  cova r iance
matrix , P(t), between measurem ent s requires the computation of
t h e  matrix F(x(t),t) as indicat ed in Table I and subsection 2.2 .
Th is matrix contains the partial derivatives of each f i l t e r
sta t e  d e r i va t ive w i th  re spec t to each f i l ter ~tate , ev a lu ~-t e d
at  t he  c u r r e n t  s t a t e  e s t i m a ts - , ~ (t). T h i s  a p p e n d i x  g i v e s  the
equa ti ons used to compute  th i s m a t r ix .

P R E L I M I N A R Y  U F F I N I T I O N S

~1ab l~ - A — I  summar i~~ o-; t h s -  systl-m r c ’ d s - l  upo n wh H I : t h e
EKI’ al gorithm (lesign is based . The ma trix F(x(t), t) is
defined with r’ spect to this model by

raf(x , t )1

- — (A - I )
— 

~X JL x=x

I s - r e , t h e  el ement in the i t l i  r c ~ a n d  i Ii s c s i un.n 0 ~ F is
given by

r~f - ( x , t) 1
F . . ( ~~ , t )  I

L 3

wh ro each fiin t ion f. is  dc-fined in T: i ) I *  A — i , w i t h i t s  c-or—

r(-spondiri~ (‘quat ion given in Ta b ]  c- ~hs’ ‘ -  r s - s s i c n s  gi  \ s - r .
in  t h i s  a p p e n d i x  f o r  t h e  elements of F arc’ d s - r ]  ~~~ ( t by direc t
d i f f e r e n t i a t i o n  of  the a p p r o }) r i a -t (-.- f u n e t  j s s n ~— - I h (  ( ) f l l  V

• a~ssurrotior made in this derivation is that th e a i r densit y ,
- , is independent of altitude , / .  W h i l e  not  ‘~t i- icti~ e-orr s- ~t h e  e rror  induced by this approximation is fl (gl i g i h i  e .

I n t e r m ed i a te  C o n s t a n t s

The fol lowing vari abl os are defi n ed fer conveni enc e
and  ar e  as-’- ’  r i-ed t o  he c o n s t a n t  fo r  th e- r I O t ’ }( (  ~ - I S  of  ( ‘ ( s r - I  u t  i n g
1h s rs -(‘u i red p a r t i a l  dc’r I vat i V (’5

I.... r

-~~ 
- - _ _ _ _ _
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- 

— - - - - -

am = iA /2m

=

a p P d / 2 1
V V

Intermediate V a r i a b l e - s  and Their Partial Derivatives

The f o l l o w i n g  v a r i ah ) s (b 1 t h r o u g h  b 5 and  k 1 t h r o u g h
k 1,~) a re  f u n c t i o ns  of  t h e  sys t em s t a t e s.  The -j r  d c - f 1 n i t i s - r s

are g i ven , f o l l o we d  by t h e i r  p a r t i a l  d e r i v at i v e s  w i t h  r e sp e c t
to each ~- t a t c ’  on w h i c h  t h e y  depend .

TABLE A-i . EKF STAT)-; V A R I A B L E  MODEL SUMMARY

F r ¶ L ,I ~L T \ F( fl ri orJr I ELE —: iF
~~ STATE - 

\R \ BLE OR Cry- 2n ~:F ~:T~ x - ST~ TF nFR:’: A -r S. r
F(T (R \ C~’E r I F t s  T EC~~OP

7 - s _  - ‘O i v ~~n by
-
‘ s j Tab 1,~ —-~ - ~

_ _
(- 

- _
(~~~~

_

.

‘ c
_ s - - - - - 5’ =- - - 1 -

- 
‘-

~~~~ -

• 
- 2  

_ _ _ _  — -  ~ 12 
-

)• : 
1 f 1., = _

1 ,_S ‘<~~~ _, (-- _ , I . -

1 fi - is~ 
-

=
I -

- - : 3  
- 

-

- - 
_ 2 : -  ‘ - -

~ 1
— I -  - - -- — I I

-
:

-~~~ - ~~~~~~ I 
- - 

-
~

- •
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Variable 1)1

b
1 

/2 + 2/v

= ~h1/ -u = ~~~~~~~~~ / -V’~

i f  ( v
2 +w 2

) ~
b1 - 

= - h
1

/ ’~v = 2 2
1/u i t (v +w ) = 0

U
2 

W / ~~~~ /2~~~2) j ( 2~~~2~ ~ o

h } c / ~~~ 2 21 1 / u  i t  (v --w ) = 0

\ t t i ablt Li,-

2 ”  2
h2 

= (v +~~ )/V

= h, /~iu =
2u 2 lu

b = -~h 9 / •~~
- = 2c: h 1 ~

= t5 ~~/’ ‘w = 2 c b 1

ai - iahlc ’

h = (2 + (2 - 
s (2 ( \  — V )

3 (11 - - U ) -  !fl - . ~~
- \ 1)

1
:~u 

= ~I~~/’;u ~m - , 3 1 ’ 2 1I  
— tIC 3 7/ \

b:~~ = -v = 

~m 3
1
~2v ~n \~/\

= h~~/ -w  (‘
m~~:t h

~~, - \
~~~

‘
ri .  ~, ‘v

V a r  i a h i ~~ ’ 1 4

h = 
- 

- 1 + ~~ 
2

I f l us  I i i -  rnu ~J

b 
liz 

= :, t ,  = 
m Il 2 2!z

Iv  = ~h 1 / 
iv  = (

mc 12
h

2\

kv 
= 1) 

I ’ ‘“
~

- - - - - 

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
— - -

~~~~~~~~~~~~~

-

~~~~~~

--

~~~~~~~~
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Variable b5

: ~~~~~~~~~~

t

I: 

CnP)~ 
+

5u I I ~~~L 3  2u

U = C Li5v np~~3 2~~~
’

Li C h5w n p - I 3  2w

Variable k1

=

ki~ 
= ‘k 1 / : -  u = 2u + 

~“o~~ 
. 5V

= ~- k 1/ s v  = 2v [C \ + C~ 2 
+ (V o

_ l . 5 V ) C xv I

ki~ 
= ~ k1 / , w  = 2 w R X ~X2 

+ (Vfl
_l.5V )Cx\y ]

V a r i a b le

k = vVC

= k
2/~

u = Uv(CN 
- CN 3 c

2)/V

k 2~ = ~ k 2 / :~v = (v 2 +V 2 )C N /V +

[v
2 (:1 v 2 ÷w 2 )_ v 2 (v 2+w 2

)] C~~~3 /V~

= ~ k2/~
w = VWC N ~~ + v w ( V 2+u 2 )C N 3 /V 3

w

‘. a r i a b l e
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k3 = )k
3
/’ w = ~ (C~ + \Vh

2 C~~~~.~)

= k3/~~p = wC~~

Variable k4

wVC~~

,) 9
k4 

= ~-k 1 / ~u = Uw C N /V — u z w (  v + w

k i~ 
= k 1/~~v = VW(’

N 
/V  + \W (V 4U 2 )C

k A = -t k /~IW = (w ~~~V )C~- ~‘V ~w -~~~~~

1 2  ~ 2 - ’
LV ( 3 w~~+v ~~~) — w (~ -

~~~~ )j ( \~~ ‘V

Var iable k5

k = pv~ Yp ~~

k r = ~k5/ - uu = Pvh 2 C~~~~3
k = k5/ ~v = p ‘

Y p 1  ‘1’ 2v~~V~c - )
F 

- k 5 /~~w = PV1)~ y Cy 1 5  :t
= ‘k r /  ‘P  =

\ z r i a h l e  k -

k ,. = - . \ - ( 2  ~~~1- n

k
~~~ 

= kr /
~~
u = \~

2
t I

:3 
+ i f ’  t / V

k(. = k~~/~~v = se(~~ [ VV
2 h :; ~ (\ , 2~ \5 2 

~~ m ‘j ~~
’

k 
- k . / u w  — V ~~~~ I(~~~ ( \ ~Th~ 

I~~ (~ ) - ‘V6 _ j _ l~ m
- 

I k - k /-H = vV~ — I - I  - - ,
lil t
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V a r i a b l e  k 7

k = - V C
— 7 nul l

k 7~ 
= k7/ 

- ‘U = 
~~ 

( V b  lu 
+ 

~
‘
rnq ~

k7~ 
= - -k 7/ 

( V = -
~- (V h4~ 

+

- 

- k
7 

= k
7
/-sw = -~(V

2b 4 + WC ) / V

k = k /~~~ ,s = VC7 u , 7 mq

Variable k8

k 8 = 
~~~~~~~~~~~~ 

‘-;e( f t

k = -k / ~ U = pwb ~~(~~~ L’Ru 8

k8~. = ~-k 8/ ‘V = pwb
5~ 

:—I I ~ (~fl

k8~ 
= ~-k 8.! w p (wh

5w ~
fl i)’) 

H ( - ( O

k
8 

= ‘k
8

’ ~~~t-i ~~~~~~~ ~ t anti

k8 
= ~ik8/ ~

[) WC 1(~ ) 
s e ct t

F

Variable

k
9 

= wV C

• 
k

9 
= s k /  ‘u = w( V2h,

1 
+ uC ~ ~

k 9~, = - ‘k
9

/ ‘V = w ( V b3~ + vC m~~
) / V

k 9~ 
= k

9/ 
:,
~ = [wv2 b 3~ 

+ (w 2+V 2 

~~~

V;z ri ch ) -

k1() = AV
~ m 

~-- - - -- -- - ----~~- -- - - --- - - - _



- k io = ~k 10/~~u = ~( V 2 b 1 4 iC )/V

- 
- -

. 
k10~, 

= k10/~tv = O(V2b4 + vC mq ) / V

kio~ 
= ~-k 10/~~w = ~ ( V 2

b~~, + WCmq ) / V
= 

~
(k10 /3e = VCmq

- - - Variable k11

k = pvc11

k 1i~~~ 
= ‘-k 11 / : u  = pvb 5
= tk11/- c v = p ( v b 5 +~~~~~~;

- - 
k11 = ~,k11/~ w = pvb

5

= ~k11 /~~p = C

Var iabl e k12

I k12 = PVC
1~~

k12 = uk 12 /~ u = PUC 11~
/ V

= ~k12/~~v = pvC
1 /V

a ki2~ 
= ‘1k

12/~
w = PWC 1 1~

/V

k 12 = ~k12 /~,p = VC 1

ELF:MI- ;NTS OF F ( x , t )

This subsection g i v e s  t h e  c -x p r e s s i o i t s  fü r  t h e  -le—
r~( - r i t s  at F(x ,t) in term s of t h e  v a r i a b l e s  defined in the last
flec t ion and in subsection 2.2.

!5’J
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Row 1 of F(x ,t)

I
. Colu rnn , i 

~
f j /~ x i

1 0

2

3 0
-1 ~~~~ ~~~~~

I 5 —sin’p
- 6 sin f, c_ - s , s -~

7 —u ( I I 5 ~ ~ j f l~ — \‘ C O 5~~~’ — ~ 5 1 f l~~ Sii1 ~
8 — u  s I - 

- 
~

- os ~ , + w c os l ro s ~
9 0

‘I1., 29

- 

- 

~~~~~ 2 of F(x, t)

-

- 

F

-1 ( : ( I S ”  ~ ~~~

5 ( ‘OS ’~

6 s i i i  n g j

-‘ 7 U s ’ s  e t ,~~~
• , — V S i f l . + W -s t n - ’  COS~, -

- 8 —u s i n  - sin , + w cos t) ‘.~j rn4)

2:

-

~~~~~~~~
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-.

~~~~3 of F(x, t )

Column , i -,f 3/~ x

1 0
2 o

-

~~~~ 3 0
- - I —sin 9

5 0 -

6 cosfi
-

: o

8 —u cos-1 — w sine

29 0

Row 4 oF F(x , t)

F i f
4 /~~ X .

1 0

2 0

3 C)

4 — a k
rsz l i i

5 —a k + -
-

m l v
6 — a k  —~~~~~~m 1~7 C)

8 g ~~~~~~ 
• 

~ ~~ j fl~~

9 0
10 v e s  - -

11 -w
12 0

I
-)13 

I ,

- -
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---- - —- -

i_ -I —a ( v 2
+w

2
)

~~ m
15 —a V~

’(V —V)m ()
16 0

4 -

Row 5 of F(x , t)li t,- - -

- I- -

-

~ Column, i - f
5/~~x .

1 1)

2 0

3 0

I am
(_k

2u+rk3u ) ~ cosO
5 am

(_k
2v~

4
~
ric3v )

6 am
_ k

2w
4 rk .~u, ) — ~-~ i f l t

- 7 0
‘-1 

~‘(u sir z ru — w OOSe)
I 9 0

l .  —u c s t ~~ — 
~~ sinO

F
1 1  (1

12 a rk
m 3p

• 13 ( 1

14 0

is ( I

16 —a -V

17 rp~
0

22  ( )

23 — Ii ‘~.Vm
2-i 1 F J J W

~~~ 1’

- ‘ 4 )  

-~~~~~ - - - --- --- - - -~~~~~ - - --- “-- ----- -
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Row 6 of F ( x , t)

Column , i

I

1 0

2 0

3 0

4 _ a
m ( k 4u + r k 5ui ) + ó

~am ( k 4v +r k 5~
, ) + ~ c

6 _a
m(k4w+rk5w)

7 0

8 g sin ~~
- v eosO

9 0

10 V sin ”-

d 
11 U

12 —a rk
ii Sp

13 0

14 0

15 0

16 -a wVm
17 It

m
rpV

1 •  
18 0

H 

22

23 —a wVc 2m
24 _a

m
rpv c

2 0

‘
~~~~ 0

57
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Row 7 of F(~~.t)

ci~~
_j

1 0

9 0

i (~) I

11 0

29 0

Row 8 s t  F ( x  - I

( m r . 
- 

i

1 0

F
10 0

Row 9 ot F(x , t )

I

1 0

- I
. .

a . -

58 
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_

~

- I

. 7 0

8 ~~ cosO
9 0

10 sine

- 

- 11 0
12 1

13 0

29 0

I Row 10 of F(x , t )

( ‘ s 1 um n ,~~~~ 

~~~~~~
- 1 0

2 0

3 0

I ~I 1—k +z (k +k )1v L  6u 7u 8uJ
F 

5 I~ [_k
6~ + r ( k ~,y +k 8~~)]

I 

6 
~~

• ~~ 
rk
~ 0
) ~ 2 -  ~~ 

2 
+ c 1 ~~ p ~sesH t an a

10 a rk  . 2 -  t a n h
- 

11 2~- ~n C I p secO

I 
s •  12 a r k  (2 1 

- 
s~~’ c ’ ’

- 

~ ~
S l ’  I t

i:,

17 0

1 8 —a~~ V ~- . - ~~
- - -

I 19 
~~~~~

_ _  
- --- --------,--- - - - - - ———---- - - - -~~~~~~ -- ~~~~~~~~ - - - - -

-
-~~ -
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20 a rpw ~~~- s - b
y

21 0

24 0

25 —a~vVL
2sec~)

26 I r~’P ~~~~
• 2

- - - 27 a r-~Vcy .,
28 a rpwi s~~- (~~’

29 —a vV (V —V)secB
y (~)

Row 11 ( i i  F(\ , t

Co l u m n , i 1 11 /

1 0

2 0

:~ 0

4 a r (  k 1 0 +k 11 )]

5 a [k~~~
+ rC k 10~ +k 1 ~

6 a

7 0
• - - •2  2 . - 2

8 C 1 I r 4’
~ 

s i  n - )  — - - ( c OS  - — s  i n -)

p 0

• 10 —C I P c’ s a s ) — 2- ~ c o sI r
11 a r k  -

•

y 10-
1 2 a rk  — (‘ I cos-

‘~
‘ l i p I ra 

13 ( I

a 
19

( - U  
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-20

21 0

• a 

-

26 ~
j 
r’~ 

1 ( 5 5 ”

27

28 a~~rpv s

29 a w V ( V 0 - V )

Row 12 ( I f  F ( X , t

Column , I ~f12/ x

1 0

2 0

3 0

- -1 a (rk 12 +2uC 1~~)

5 a
~~

( r k 12~ +2VC 1~~
)

F 6 a ( rk 12 +2wC 1 c _ )

7 0

11 0

12 :1 r kx 12 p
13 1)

2 (4 0

21 :z ~~, rpV

22 \T 2
x

I- - 23 0

29 C)

(~1
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Rows 13 through 29 of F(: t)

- S i nc ~ f - ( 
~ , t ) = 0 for i = 13 29, then all el s- r u ents

- 
in rows 13 t h r ou g h  29 are zero.
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